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somewhere. Subsequently, it has been shown that there is a counlerexin—;a!e. to the
Mertens conjecture for at least one n < (3.21)10%. , -

PROBLEMS 6.2
1. (a) For each positive integer n, show that
wm)p(n + Dp(n + 2)p(n +3) =0

(b) For any integer n > 3, show that 37, pu(k!) = 1.
2. The Mangold! function A is defined by
Al logp  ifn = p* where pisaprimeand k = 1
n)=
0 otherwise

Prove that A(n) = 3, u(n/d)logd = — ¥\ ld) logd. ! . ’
[int: First show that 3, A(d) = logn and then apply the Mbius inversion forjm;_l:

3. Letn = P:'P? +++ p¥ be the prime factorization of the integer n > 1. If f is a multiplic
tive function that is not identically zero, prove that

Do H@f )=~ f(p))1 — £(p2)---(1 — £(pr)
din
[Hint: By Theorem 6.4, ihe function F defined by F(n) = ¥, #(d)f(d) is multipli
tive; hence, F(n) is the product of the values F(p).]
4. If the integer n > 1 has the prime factorization n = p{' pi? - - - p, use Problem 3
establish the following: ~
@ Y, wld)e(d) = (~1Y.
(6) Xy, d)o(d) = (=1)pips--- p;.
©) Xgppit@d)d =1—1/p)1—=1/ps)--+(1=1/p,).

(d) Xy dp(d) = (1 = pi)(1 — p3)-++(1 = py).
5. Let S(n) denote the number of square-free divisors of n. Establish that

Sm)= 3 lu(d)] =2
dln
where w(n) is the number of distinet prime divisors of n.
[Hint: § is a multiplicative function.]
6. Find formulas for | u*(d)/(d) and 24w W3 (d)/o(d) in terms of the prime fac
ization of n.
7. The Liouville J-function is defined by A(1) =1 and A(n) = (~1 Yathattk ieno pr
factorization of n > 1isn = pf' pg’ -+ p&_ For instance, :

AB60) =42’ . 32 . 5) = (~y}+2+1 =(=D°=1

(a) Prove that 1 is a multiplicative function,



